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Abstract In this paper the comparison of two models of the same electrochemi-
cal process involving chemical steps has been made with the aim of accomplishing
two tasks: (1) the analysis of concentration of each of components taking part in the
electrochemical process, and (2) the analysis of the total metal or total ligand concen-
tration. An assumption that the increase of the system lability makes the two systems’
solutions close was tested out. The numerical investigation was proposed. The sugges-
tions for finding the values of parameters giving the same concentrations were made
by computational experiments.

Keywords Electrochemical reaction · Electrically active complex ·
Chemical equilibrium · Ligand

1 Introduction

Some chemical materials such as hydrogen, oxygen, leaches as well as chemical
compounds like pharmaceutical, perfume are obtained by electrolysis [1–4]. The elec-
trochemical extraction of some materials is very simple and the materials extracted
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Fig. 1 The schematic view of
the electrochemical process
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are very clean. Usually the electrolysis is the cheapest way of getting some materials
(sodium, chlorine). The metallic, anticorrosive covering, electrochemical manufactur-
ing of metals (cutting, boring, etching) are also evidential by electrolysis.

In the present paper we consider electrochemical processes which take place at the
metal|solution boundary [5]. We compare two models of the same electrochemical
process involving chemical steps with the aim of exploring two tasks: (1) investigat-
ing the concentration of each of components involved in the electrochemical process
and (2) investigating the total metal or total ligand concentration and in that way find-
ing out the concentration profile of each of components. We test out the assumption
that the increase of the system lability could make the two systems’ solutions close.

The simplest electrochemical process (Fig. 1) is a redox reaction

O + ne � R, (1)

during which the reactant O, gaining n electrons, converts into product R [6]. This
process takes place at the metal|solution boundary and can proceed in both direct and
reverse directions (Fig. 2).
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To initiate the macro-process, the electrode potential E should be shifted from its
equilibrium value. In other terms, a certain overvoltage η should be applied using an
external circuit involving a power source. This results in the respective concentration
changes at the electrode surface (denoted further by subscript s).

It is often supposed that the concentration gradients arise only in some boundary
layer the thickness of which δ does not depend on current density i . The latter quantity
characterizes the rate of the electrochemical process according to the kinetic equation
[7]:

i = i0

{ [O]s

[O]b
exp

(
anF

RT
η

)
− [R]s

[R]b
exp

(
− (1 − a)nF

RT
η

)}
, (2)

where i0 is an exchange current density; a is a cathodic charge transfer coefficient; R is
universal gas constant; T is absolute temperature; F is Faraday’s constant; [O]s , [R]s ,
[O]b, [R]b are the reactant and product surface (subscript s) and bulk (subscript b)
concentrations. The rate of the electrochemical process is controlled by the overvolt-
age and depends both on the surface concentrations of the reactants and the products.
The latter quantities may be obtained from the regularities of diffusive mass transport
that takes place in the δ, i. e. thick diffusion layer. Generally, the differential equation
reflecting the second Fick’s law and supplemented by relevant initial and boundary
conditions should be solved. In the case of plane infinite electrode, only one space
coordinate x , perpendicular to the electrode surface, may be taken into account. Then
the equation under discussion takes the form:

∂c (x, t)

∂t
= D

∂2c (x, t)

∂x2 , (3)

where c is the respective (O or R) concentration, dependent on space coordinate x and
time t , and D is a diffusion coefficient.

This task has been successfully solved earlier [4]. However, the similar problem
becomes more complicated when the process (1) is accompanied by chemical interac-
tions between different components of the electrochemical system [8–10]. A typical
example of this case might be electrolysis of solutions containing cyanide complexes
of silver. It is known (see, e.g. [11]) that Ag+ ions form complex compounds with such
ligand as cyanide anion CN− yielding AgCN, Ag (CN)−2 , Ag (CN)2−

3 and Ag (CN)3−
4 .

All these species are in labile chemical interactions and may be formed (e.g. AgCN +
CN− � Ag (CN)−2 ) or decomposed (e.g. Ag (CN)2−

3 � Ag+ + 3 · CN−). Such pro-
cesses occur both in the bulk of solution and in diffusion layer. The species taking part
in the charge transfer process similar to (1) is called an electrically active complex
(EAC). Usually, the composition of EAC is not known a priori and its establishment
requires special investigation.

The main goal of this task is to model the electrochemical process (1) in two dif-
ferent ways with a limited number of components, also to explore what parameters
values makes two tasks’ solutions close and to give some recommendations on faster
finding these solutions.
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2 Mathematical model

To describe quantitatively the mass transport, the rate of chemical interactions should
be taken into account. To make the mathematics simple, we shall consider only a lim-
ited number of components emphasizing that their increase has no effect on general
conclusions.

The electrochemical system containing “free” metal ions Mn+, ligand L and com-
plexes MLn+, MLn+

2 is considered [12]. For simplicity, ligand L is supposed to be
uncharged. Then the main chemical transformations may be written as the following
reactions:

Mn+ + L
k1
�
k−1

MLn+, (4)

MLn+ + L
k2
�
k−2

MLn+
2 , (5)

where k are rate constants of respective direct (a positive index) and reverse (a negative
index) reactions. In turn, the rates of (4) and (5) reactions may be written as:

w1 = k1 c0 c3, (6)

w−1 = k−1 c1 , (7)

w2 = k2 c1 c3 , (8)

w−2 = k−2 c2 , (9)

where c0 is the concentration of metal ions Mn+, c1 and c2—the concentrations of
complexes MLn+ and MLn+

2 , c3—the concentration of ligand L.
Equations reflecting the second Fick’s law and supplemented by kinetic terms

should be written for all the above processes. We assume that the diffusion coeffi-
cients (D) are the same for all species.

Differential equations describing linear diffusion in the system under consideration
take the following form:

∂c0

∂t
= D

∂2c0

∂x2 + w−1 − w1, (10)

∂c1

∂t
= D

∂2c1

∂x2 + w−2 − w2 − w−1 + w1, (11)

∂c2

∂t
= D

∂2c2

∂x2 + w2 − w−2, (12)

∂c3

∂t
= D

∂2c3

∂x2 + w−1 − w1 + w−2 − w2. (13)

The rate constants k involving kinetic terms are positive if a diffusing particle is formed
in a respective chemical process, and they are negative if it dissociates.
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The set of differential equations (10–13) has a characteristic feature. An addition
of Eqs. (10–12) yields a simple relationship

∂cM

∂t
= D

∂2cM

∂x2 (14)

containing no kinetic terms. Here

cM = c0 + c1 + c2 (15)

is a total metal concentration. A similar expression may be obtained for total ligand
[13] concentration

cL = c1 + 2 · c2 + c3. (16)

Linear combination of (11–13) yields

∂cL

∂t
= D

∂2cL

∂x2 . (17)

Hence, a mass transfer of total metal is subject to the same regularities as that of Mn+
aqua-complexes in the absence of ligand L.

The usage of simple relationships (14), (17) is very tempting, since the solution of
such an equation supplemented with corresponding initial and boundary conditions
has been discussed in literature in considerable detail. However, it is necessary to con-
sider some conceptions that make it possible to formulate specific relations between
various concentrations as functions of coordinate x and time t .

The components of the system are in chemical equilibrium when the rate of their
formation is equal to the rate of their disintegration: w1 = w−1 and w2 = w−2 [14].
Then the following relationships can be obtained from (6–9):

β1 = k1

k−1
= c1

c0c3
, (18)

β2 = k1k2

k−1k−2
= c2

c0c2
3

. (19)

Hence, the equilibrium state can be described in terms of cumulative stability constants
β. The higher β is the more stable is the complex particle. Since β is dependent on
the ratio of respective rate constants k, the same β values may be realized at different
k. The latter terms determine the degree of system lability: high and low k values
characterize them as labile or inert systems respectively.

Generally, the problem under discussion is given by (10–13) and further it will be
named as the problem A. The kinetics of the charge transfer process

MLn+
j + ne � M + j · L (20)
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described by (2) modified as follows

i = i0

{ [MLn+
j ]s

[MLn+
j ]b

exp

(
anF

RT
η

)
−

( [L]s

[L]b

) j

exp

(
− (1 − a)nF

RT
η

)}
, (21)

where j determines the EAC composition and is equal to 0, 1 or 2. If i0 → ∞ (a revers-
ible charge transfer), the kinetic relationship takes the form of the Nernst equation.
Then voltammetric and similar characteristics become independent of the assumption
on EAC composition, i.e. on the charge transfer mechanism.

It is necessary to note that labile systems are often considered as a limiting case of
general problem A. Then the relations between concentrations at any fixed t and x may
be determined on the basis of cumulative stability constants of complexes (18, 19).
The last statement is used below in problem B. In this case the system is supposed to
be in an equilibrium state with respect to purely chemical processes, but this statement
is not valid for the charge transfer process the degree of reversibility of which may be
different.

As has been noted above, the differential equations should be supplemented with
corresponding initial and boundary conditions. If the first task is simple and clear (the
system is in equilibrium state at t = 0), some problems are encountered during the
formulation of boundary conditions. In problem A, the boundary condition usually
reflects the first Fick’s law

i = nF D
∂c∗

∂x

∣∣∣∣x=0 , (22)

where c∗ is the concentration of an electrically active particle given in (20). As can be
seen from different publications [7] dealing with processes involving chemical steps,
the gradients of concentrations of other particles are set to zero, except for the product
of EAC transformation (ligand L) if the latter is soluble and is capable of diffusing
into the bulk of solution

∂c0

∂x

∣∣∣∣
x=0

+ ∂c1

∂x

∣∣∣∣
x=0

+ ∂c2

∂x

∣∣∣∣
x=0

= i (t)

96500D
,

∂c1

∂x

∣∣∣∣
x=0

+ 2
∂c2

∂x

∣∣∣∣
x=0

+ ∂c3

∂x

∣∣∣∣
x=0

= 0.

This implies that c∗ may be equated to cM. However, the above conclusions about the
values of individual gradients of concentrations do not follow back from the condition

i = nF D
∂cM

∂x

∣∣∣
x=0

(23)

that can be used in problem B. Moreover, their predetermination is not necessary in
the case of labile systems (problem B) because the relations between concentrations
are prescribed by β values. The systems of both problems are also in equilibrium state
when x = δ. The equilibrium is established in such electrochemical system when
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the rates of direct (cathodic) and reverse (anodic) reactions are equal. This can be
expressed by the system of equations

c0

(
1 + β1c3 + β2c3

2
)

= M,

c0

(
β1c3 + 2β2c3

2
)

+ c3 = L ,

c1 = β1c0 c3,

c2 = β2c0 c3
2, (24)

where M is total metal concentration, L is total ligand concentration, X means a
concentration of X at x = 0.

Therefore the aim of the present investigation consists in comparing of problems
A and B and their solutions. An assumption is tested that the increase of the sys-
tem lability (i.e. an increase of the rate constants k) could make the solutions of the
two problems close. This task is analyzed using an assumption regarding the EAC
composition: EAC is the MLn+

2 complex prevailing in the bulk of solution ( j = 2).

3 Results

Most science problems’ mathematical models are comprised of complex equations,
conditions, and loading configurations making an analytical solution impossible. In
order to achieve a solution, a numerical solution technique must be employed. There-
fore, we solve our mathematical models numerically. The finite—difference technique
[15] and its explicit scheme are used for the discretization of problem A and problem
B mathematical models. There has to be mentioned that there has to be solved the
system of non-linear differential equations (10–13) in problem A, since in problem
B—one linear differential equation (14) (in the case of investigation only total metal
concentration). The solution of (10–13), supplemented with initial (22) and boundary
(24) conditions, is the concentration of each component taking part in the electro-
chemical process. The total metal concentration is obtained by solving problem B. For
the comparing of the solutions of these two tasks, the results have to be listed in the
same way. So it is not enough to calculate total metal concentration, there has to be
found all components concentrations. Therefore, from one point of view there has to
be solved more complicated system in problem A, distinct problem B, but in the other
hand the solution of problem A is obtained quicker. The concentration of each com-
ponent is obtained after finding the total metal concentration in the problem B. This is
attained by solving quartic equation that makes calculations more complicated. As it
can be seen, the formulation of problem A is more complicated, but finding solution
is quicker as distinct from problem B: the model is simpler, but the obtaining of solu-
tion is complicated. Digital simulations of the behavior of the mass transport in the
electrochemical process were performed with the following values of the parameters
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D = 5 × 10−6cm2/ s, δ = 0.02 cm, M = 10−5 mol/cm3,

L = 4 × 10−5 mol/cm3, i0 = 0.01 A/cm2, (25)

β1 = 107, β2 = 1014, a = 0.1, n = 1.

If overvoltage changes by the following law

η = νt, (26)

whereν is the sweep rate. The value of the sweep rate was chosen to fulfill an Fν/RT =
0.1, where

F = 96, 500 C/mol,

R = 8.31 × 103 J/ (kmol · K) , (27)

T = 273.15 K.

Knowing that problem B uses only fixed β1 and β2 values, not depending on k1,
k−1, k2 or k−2, this problem is solved first.

The initial concentrations described by the system of equations (24) are

c0 (x, 0) = 2.4751 × 10−10mol/cm3,

c1 (x, 0) = 4.9626 × 10−8mol/cm3,

c2 (x, 0) = 9.9501 × 10−6mol/cm3, (28)

c3 (x, 0) = 2.0050 × 10−5mol/cm3.

x /δ
0.0 0.2 0.4 0.6 0.8 1.0

c M
, m

ol
/c

m
3

0

2e-6

4e-6

6e-6

8e-6

1e-5

Fig. 3 The concentration cM dependence on the x/δ, in the case of problem B. As it can be seen the
dependence is linear
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Fig. 4 The current density dependence on α = anFν/RT . id is the current density in the stationary process
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Fig. 5 All concentrations c0, c1, c2 and c3 profiles obtained at 8.8 s of problem B

The solution of the problem B is the concentration cM (see Fig. 3). The value of cM on
the boundary x = 0 with fixed time t is calculated from the quartic equation obtained
from (14), (23) and (24) system. The calculated current density is depicted in Fig. 4.

The total metal concentration cM is the solution of problem B. There have to be
obtained the concentrations of each component for comparing the concentrations with
problem A solutions. The obtained profiles of concentrations c0, c1, c2 and c3 at the
time of 8.8 s (stationary process) are shown in Fig. 5.
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Table 1 The values of the rate of chemical conversion

Case Case 1 Case 2 Case 3 Case 4 Case 5

Parameter

k1, cm3mol−1s−1 1 103 104 105 107

k−1, s−1 10−7 10−4 10−3 10−2 1

k2, cm3mol−1s−1 1 103 104 105 107

k−2, s−1 10−7 10−4 10−3 10−2 1

x /δ
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c j(x
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c2

c3

Fig. 6 The concentrations obtained by solving problem A, case 1

The solution of problem A differs with different rates of reactions: k1, k−1, k2 and
k−2. Assume five cases of different k values (Table 1).

Figures 6 and 7 show how concentrations of problem A with different values of k
converge to the solution of problem B.

As it is seen from the above figures, the problem A and problem B are close in the
last case (Case 5). The main recommendation for getting both problems’ solutions
close is to increase the rates of direct and reverse reactions. The relative error in % of
obtained current density of problems A and B is less than 0.5%, which means that the
solutions are similar in that case.

Some remarks on the influence of current density i on α · t (to be more precise,
on overvoltage) can be formulated. The maximum values i p of i , and the time tp or
(α · t)p of the occurrence of i p were found. The dependences (α · t)p on ln (α), tp on
α and i p on ln (α) are shown in Figs. 8, 9 and 10 for both problems.

One can see that the maximum value of the i increases if the value of ln (α) increases
and this growth is exponential. The time of the occurrence of i p decreases with the
increase of α. The (α · t)p of the occurrence of i p depends on ln (α) exponentially.
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Fig. 7 The concentrations obtained by solving problem A, case 5
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Fig. 8 The maximum current density i p , A/cm2 dependence on ln (α). The white circles show the calcu-
lated value of i p . The solid curve is an exponential function fitted to these values

The curves (Figs. 8, 9 and 10) through the calculated values are:

i p (k) = −3.11 × 10−4 + 0.00164ek/2.9056, solid line in Fig. 8, (29)

tp (k) = 0.2 + 17.94e−k/0.17 + 2.02e−k/1.49, solid line in Fig. 9, (30)

(αt)p (k) = 1.095 + 0.23ek/2.42, solid line in Fig. 10, (31)

where k is the ln (α) or α, respectively.
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Fig. 9 The time of the occurrence of i p dependence on α. The white circles show the calculated value of
tp , s. The solid curve is an exponential function fitted to these values
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Fig. 10 The (α · t)p , s of the occurrence of i p dependence on ln (α). The white circles show the calculated
value of (α · t)p . The solid curve is an exponential function fitted to these values

According to these remarks the time of obtaining stationary process for the
comparison of two differently described models of electrochemical process can be
established.
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Fig. 11 The current density dependence on α = anFν/RT with different values of a. id is the current
density in the stationary process

From Fig. 11 it can be seen that the change of the parameter a gives different current
density, but the obtained rates of chemical conversion for one a when problem A and
problem B concentrations are equal turn out to be the same.

4 Conclusions

Two mathematical models of the electrochemical process which find out the concen-
tration profiles were given. The comparison of these models when the total metal or
the concentration of each of the components is taken into account was made with
different values of the parameters. The increase of the rates of the reactions (i.e. an
increase of the system lability) approaches these two differently described models
of the same electrochemical process. The change of the parameter a gives different
current density, but the obtained rate constants of chemical conversion for single a
when problem A and problem B concentrations are equal turn out to be the same. The
recommendations of achieving stationary process (specifically of finding time period
of achieving steady-state concentrations) were proposed.
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